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Abstract 

We study a skew product with a curve of neutral points. We show that there 
exists a unique absolutely continuous invariant probability measure, and that the 
Birkhoff averages of a sufficiently smooth observable converge to a normal law or a 
stable law, depending on the average of the observable along the neutral curve. 



1 Introduction 

Let T : M — > M be a map on a compact space. While uniformly hyperbolic or uniformly 
expanding dynamics are well understood, problems arise when there are neutral fixed 
points (where the differential of T has an eigenvalue equal to 1). The one-dimensional 
case has been thoroughly studied, particularly when T has only one neutral fixed point 
(see [LSV99J and references therein). The normal form at the fixed point dictates the 
asymptotics of the dynamics, and in particular the speed of mixing, and the convergence 
of Birkhoff sums to limit laws QGou02j). 

In this article, we study the same type of phenomenon, but in higher dimension. Contrary 
to [TTiim] . jPYOIj (where the case of isolated fixed points is considered), our models 
admit a whole invariant neutral curve. We show that the one-dimensional results remain 
essentially true. 

More precisely, define a map T a on [0, 1] by 



TJx) 



x(l + 2 Q a; Q ) if 0^x^1/2 
2x-l if 1/2 < x < 1 
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It has a neutral fixed point at 0, behaving like x(l + x a ). To mix different such behaviors, 
we consider a skew product, similar to the Alves-Viana map ( |Via9 7j) but where the 
unimodal maps are replaced by T a . Let a : S 1 — > (0, 1) be a map with minimum a m i n 
and maximum a max . Assume that 

1. a is C 2 . 

2. < a min < ct max < I. 

3. a takes the value a min at a unique point x , with a"(x ) > 0. 

4. a m ax < fttmin (which implies a max < a min +l/2). 

These conditions are for example satisfied by a(uj) = a m i n +e(l + sin(27ru;)) where a m \ n G 
(0, 1) and e is small enough. 

We define a map T on S 1 x [0, 1] by 

T(u,x) = (F(u),T a{u) (x)) (1) 

where ^(u;) = 4u. 

In the following, we will generalize to this skew product the one-dimensional results on 
the maps T a . First of all, in Section |21 we prove that there exists a unique absolutely 
continuous invariant probability measure m, whose density h is in fact Lipschitz on every 
compact subset of S 1 x (0, 1] (Theorem I2.10|) . In Sectional we prove limit theorems for 
abstract Markov maps (using a method essentially due to |MT02j and recalled in Appendix 
IA1 and estimates of |AD01j and |Gou02| ). Finally, in Sections |U and we study the limit 
laws of Birkhoff sums for the skew product T, and we obtain the convergence to a normal 
law or a stable law, depending on the value of a min . We obtain the following theorem (see 
Theorem 15. II for more details). 

Theorem. Set 

A = / h dLeb, 

S /a ' nm Is 1 x {1/2} 



where h is the density of the absolutely continuous invariant probability measure. 

Let f be a Lipschitz function on S 1 x [0, 1], with f f dm = 0. Write c = J s i x r i / dLeb 

and S n f = Y2=l f oTk ■ Then 

• If a min < 1/2, there exists a 2 ^ such that -^S n f — > Af(0, a 2 ). 

• If a m in = 1/2 andc^O, then , ■ Snf >Af(0,l). 

v /4A n(lnn)2 

• If 1/2 < a m i n < 1 and c^0, then - . S J^—^ = — > Z , where the random variable Z 
has an explicit stable distribution. 
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• If 1/2 ^ Oimin < 1 and c = 0, then there exists a 2 ^ such that -^=S n f —>■ A/"(0, a 2 ) . 

An interesting feature of this example is that its study involves sophisticated mixing 
properties of F, particularly a multiple decorrelation property, proved in Appendix iBl 
using Pen02j. 

Theorems of |Gou02| could be used instead of the method of [MT02 to get the limit laws. 
However, this elementary method is interesting in its own right, and can be generalized 
more easily to other settings than the results of |Gou02j (in particular to the case of more 
neutral fixed points). 

Remark. The specific form of F is of no importance at all, the results remain true when 
F is C 2 with \F'\ ^4 (for example F(u) = duj with d ^ 4). In the same way, the only 
important properties of the maps T a are their normal form close to and the fact that 
they are Markov. Finally, the hypothesis a"(xo) ^ is only useful for limit theorems, and 
can be replaced by: 3m, a^^xo) ^ (but the normalizing factors have to be modified 
accordingly). For the sake of simplicity, we will restrict ourselves in what follows to the 
aforementioned case. 

In this article, a(n) ~ b(n) means that a(n)/b(n) — > 1 when n — > oo. The integral with 
respect to a probability measure will sometimes be denoted by E(-). Finally, [^J will 
denote the integer part of x. 

2 Invariant measure 

An important property of the map T, that will be used thoroughly in what follows, is that 
it is Markov: there exists a partition of the space such that every element of this partition 
is mapped by T on a union of elements of this partition. In fact, we will consider Ty (the 
induced map on Y = S 1 x (1/2, 1]), which is also Markov, and expanding, contrary to T. 
We will apply to Ty classical results on expanding Markov maps (also called Gibbs-Markov 
maps), which we recall in the next paragraph. 

2.1 Markov maps and invariant measures 

Let (Y,B, my) be a standard probability space, endowed with a bounded metric d. A 
non-singular map Ty defined on Y is said to be a Markov map if there exists a finite or 
countable partition a of Y such that Va £ a, my (a) > 0, Ty(a) is a union (mod 0) of sets 
of a, and Ty : a — ► Ty(a) is invertible. In this case, a is a Markov partition for Ty. 

A Markov map Ty (with a Markov partition a) is a Gibbs-Markov map ( |Aar97j ) if 

1. Ty has the big image property: inf aea my (Ty (a)) > 0. 

2. There exists A > 1 such that Va £ a,Wx,y £ a,d(T Y x,T Y y) ^ Xd(x,y). 
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3. Let g be the inverse of the jacobian of Ty, i.e. on a set a £ a, g(x) 



dmy 



d{m Y o(T Y ) la ) 

Then there exists C > such that for all a £ a, for almost all x, y £ a, 



0(2/) 



^ Cd(T Y x, T Y y). 



This definition is slightly more general than the definition of |Aar97j : the distance d = d T 
considered there is given by d T (x,y) = t s ^ x,v > where r < 1 and s(x,y) is the separation 
time of x and y, i.e. 

s(x, y) = ini{n £ N | $a £ a, T n x £ a, T n y £ a}. (2) 



The proof of [Aar97[ Theorem 4.7.4] still works in our context, and gives: 

Theorem 2.1. Let Ty be a transitive Gibbs-Markov map (ia,b £ a, 3n £ N,my(TYa D 
6) > Oj swc/i that Card(a J „) < oo ; where a* is the partition generated by the images Ty(a) 
for a £ a. Then Ty is ergodic, and there exists a unique absolutely continuous (with 
respect to my) invariant probability measure, denoted by fiy. 

Moreover, fiy = hmy where the density h is bounded and bounded away from ; and 
Lipschitz on every set of a*. 



2.2 Preliminary estimates 

To apply Theorem I2.1[ we will construct a Markov partition, and control the distortion 
of the inverse branches of Ty. 

We will write T™ = T a(F n- M o • • • o T a{uj) , whence T n {u,x) = (FV>, T"(x)). Write also 
d((uii,Xi),(u! 2 ,x 2 )) = |^i — oj 2 \ + \x\ — x 2 \. A point of S 1 x [0,1] will be denoted by 
x= (u),x). Finally, set d VBrt ((wi, Xi), (u; 2 , x 2 )) = \x 2 — X\\. 

Define Xq(u) = 1, Xi(u) = 1/2, and for n ^ 2, X n (oS) is the preimage in [0,1/2] of 
X n _i(Fcj) by T a ( w ). These X n will be useful in the construction of a Markov partition for 
T (paragraph - 

Proposition 2.2. There exists C > snc/i that Wn £ N*, Vcj £ S 1 , 



Proof. Write Z x = 1/2 and T(Z„ +1 ) = Z n where T(ar) = x(l + 2 a ^x a ^). We easily 
check inductively that Z n ^ X n (u;) for every u, since T(x) ^ T a ^)(x) for every a;. It is 
thus sufficient to estimate Z n to get the minoration. As T(x) ^ x, the sequence Z n is 
decreasing, and nonnegative, whence it tends to a fixed point of T, necessarily 0. 
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We have 



^ ( 1 I Oamax 7«miii'l C*min ^ ( 1 Ottmai 7«min I „(' 7«min \ "\ 

^ + 1 Z n+1 J - I 1 - "min ^ + <H J J 



A summation gives Q ^ in ~ ma min 2 amax , whence Z m ~ C/m 1 /"™ 11 , which concludes the 
minor at ion. 

The majoration is similar, using a sequence Z' n with Z' n ^ X n (o/). □ 



VKe fix once and for all a large enough constant D. The following definition is analogous 
to a definition of Viana f |Via97j ). 

Definition 2.3. Let ip : K — > [0,1], where K is a subinterval of S 1 . We say that the 
graph of ip is an admissible curve if ip is C 1 with ^ D. 

Proposition 2.4. Let ip be an admissible curve, defined on K with \K\ < 1/4, and 
included in K x [0, 1/2] or K x (1/2, 1]. Then the image of 'tp by T is still an admissible 
curve. 



Proof. Let (u,v) be a tangent vector at (u),x) with \v\ ^ D\u\, we have to check that its 
image (u',v') by DT(u,x) still satisfies \v'\ ^ D\u'\. 

Assume first that x ^ 1/2, whence v! = Au and v' — (1 + {2x) a ^ (qi(uj) + l))t> + 
xhi{2x)a' {uj){2x) a ^u. As a(u>) ^ a max ^ 1, we get \v'\ ^ 3|u| + C\u\ for a constant 
C (which depends only on Ha'H^). Thus, 

\v'\ 3 H C 
\u'\ ^ 4 |m| 4 ' 

This will give |t/|/|ii'| ^ D if |D + j ^ D, which is true if D is large enough. 

Assume then that x > 1/2. Then u' = 4u and v' = 2v, and there is nothing to prove. □ 

Corollary 2.5. Let (ui,xi) and (1^2,^2) be two points in S 1 x [0,1/2] with \x\ — x%\ ^ 
D\uj\ — cc?2 1 and \uj\ — U\\ ^ g. T/ien i/iezr images satisfy \x[ — a;' 2 | ^ -D|^i — t^l- 

Proof. Use a segment between the two points: it is an admissible curve, whence its image 
is still admissible. □ 



2.3 The Markov partition 

Set Y = S l x (1/2, 1]. For x6 7, set y?y(x) = inf{n > | T n (x) £ Y}: this is the first 
return time to Y, everywhere finite. The map T y (x) := pWfx) is the map induced by 



6 



S. Gouezel 



T on Y . We will show that Ty is a Gibbs-Markov map, by constructing an appropriate 
Markov partition. 

If / is an interval of S 1 , we will abusively write I x [X n+1 ,X„] for {(u, x) | to G I, x G 
[X n+ i(w),X n (a;)]}. 

Set I n (u)) = [X n+ x(u), X n (u)) (or {u} x [X„ +1 (co>), X n (a>)], depending on the context). By 
definition of X n , T maps {u} x I n {uj) bijectively on {Fuj} x I n _i(Fu). Thus, the interval 
I n (to) returns to [1/2, 1] in exactly n steps. 

Let Y n (uj) be the preimage in [1/2, 1] of X n _i{Fuj) under T a ^y Thus, the interval J n (uj) = 
[Y n+ i(u),Y n (uj)} returns to [1/2, 1] in n steps. 

We fix once and for all < Eq < |, small enough so that Deo is less than the length of 
every interval I\{uj). (This condition will be useful in distortion estimates). 

Let q be large enough so that i < Eq, and consider A s ^ n = [^pj, -§pfz] x J n , for n G W 
andO^s ^ 4<* +n - 1: this set is mapped by T n on x [1/2, 1]. Let K , . . . , K&_ x 

be the sets [£,*Jr] x [1/2,1]. Then the map T Y is an isomorphism between each A sn 
and some Consequently, the map Ty is Markov for the partition {y4 s n }, and it has 
the big image property. 

To apply Theorem I2.H we need expansion (for (J2J) in the definition of Gibbs-Markov 
maps) and distortion control (for (j3J)). The expansion is given by the next proposition, 
and the distortion is estimated in the following paragraph. 

On the intervals [X^u), Xi(uj)], the derivative of T a ^ is greater than 1, whence greater 
than a constant 2 > A > 1, independent of to. 

For (ui,Xi) and (to 2 ,x 2 ) £S'x [0,1], set 

d'{{uj\,xx), (u 2 ,x 2 )) = a\xi - x 2 \ + \ol>i - oo 2 \ (3) 

where a = 1 ~^ //4 . 

Proposition 2.6. On each A sn , the map T n is expanding by at least A for the distance 
d'. 

Proof. For n = 1 (the points return directly to S 1 x [1/2, 1]), everything is linear, and the 
result is clear. Assume n ^ 2. 

Take (ui,Xi) and (ou 2 ,x 2 ) G A SjTl , with for example x 2 ^ x\. The points (toi,xx) and 
(u 2 ,xi) return to S 1 x [1/2, 1] after at least n iterations (by hypothesis for the first point, 
and the second point is under (uj 2 ,x 2 )). We can use Corollary 12.51 n — 1 times, and get 
that in vertical distance, d vert (T n (ioi,xi),T n (io 2 ,xi)) ^ D\F n ui — F n u 2 \. In particular, 
TSM) > T ZM) ~ De * > 1/2 - De . Thus, by definition of e , T n (u 2 ,x 1 ) G h{F n u 2 ) 
for i = or 1, whence T^^xx) G [X 3 (F n - 1 u 2 ),X 1 (F n - 1 u 2 )]. Note that T n ~ l {oj 2 , x 2 ) 
belongs to the same interval (in fact, T^~ 1 (x 2 ) G [X 2 (F n ~ 1 io 2 ), Xx(F n ~ 1 uj 2 )]). Moreover, 
the T a are expanding, whence d vert (T n ~ 1 (u 2 , xi), T n ~ 1 {oj 2) x 2 )) ^ \x\ — x 2 \. We apply once 
more T, which expands at least by A on [X^{F n ~ l to 2 ) : Xx{F n ~ 1 uj 2 )] by definition of A, and 
get d vert {T n {u 2 ,x 1 ),T n (u 2 ,x 2 )) ^ A]xi - x 2 \. 
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Finally, 

d'(T n (uj 1 ,x l ),T n (u; 2 ,x 2 )) = ad veTt (T n (u; h x 1 ),T n (uj 2 ,x 2 )) + \F n u, - F n cu 2 \ 

^ ad vert (T n (cc;2,Xi),r n (u;2,a;2)) - a d vcrt (T n (^ 1 , x x ), T n (u 2 , x x )) 

+ \F n u x - F n co 2 \ 
^ a\\xi -x 2 \- aD\F n ui - F n u 2 \ + \F n uj 1 - F n u 2 \. 

The proposition will be proved if (1 — aD)\F n ui — F n uj 2 \ ^ \\oji — uj 2 \. But 

(1 - aD)\F n uj x - F n u 2 \ = (1 - aD)A n \uj l - uj 2 \ > (1 - aD)A\uj l - uj 2 \ = X\u x - uj 2 \. 

□ 

2.4 Distortion bounds 



Lemma 2.7. There exists a constant E > such that 

\/n > 0, Vui,u 2 G S 1 with \ux - u 2 \ sC Vxi G J n (wi) us'to T™" 1 ^! < 1/2, 

|KC)'(*i) -MT^y^ol ^ sif^-f^i. 

Proof. We use Corollary 12.51 n — 1 times and get for ^ k ^ n that \T^xx — T k 2 X\\ ^ 
D\F k Ui -F k u 2 \. 

In particular, for k = n, \T^xi\ ^ 1/2, whence |T™ 2 xi| ^ 1/2 — D^o- Consequently, 
T n {oj 2l Xi) G Ii(F n uj 2 ) for some z G {0, 1}, by definition of Eq. An inverse induction gives 
T k {u 2 ,x 1 )eI n _ k+i (F k uj 2 ). 

= In (1 + (a(u) + \){2x) a ^). Then 



For x ^ 1/2 and uj G S 1 , write G(u,x) = hiT^ 



<9x 



Co> X 



(a(co) + l)a{uj)2<^x a ^- 1 



^ Cx° 



and 



0G 



1 + (a(u) + l)(2x) Q H 
a'(^)(2x) Q ^ + (a(cu) + l)a'(^) hi(2x)(2x) Q ^ 



1 + (a{u) + l){2x) a ^ 



£ C. 



Lemma l2~21 and the fact that T fc (c i ; 1 , x\) G I n _k(F k oJi) and T k (u) 2l Xi) G I n -k+i{.F k oj 2 ) with 
z ^ 1, give that the second coordinates of T k (ui,Xi) and T k (u 2 ,xi) are ^ C( - n „ fc+ 1 1 )i/ amin • 
On the set of points (uj, x) with x ^ c( n _fc + i)i/a min > ^ e es ti ma tes on the partial derivatives 
of G show that this function is C(n — k + l) 1// ° min " 1 -Lipschitz, whence 

IG^^^^-G^^^!))! ^C{n-k + l) 1 / a ^ 1 d{{T k (u; 1 ,x 1 ),T k (u; 2 ,x 1 )) 

^C(n-k+ iy/^-\i + JJ)|fV - F fc cj 2 | 
< C(n - k + i)V«n*,-i(i + ^)4fc| Wl _ U2 y 
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Finally, 

\ln(T^Y(x l )-HT: 2 )'(x 1 )\ <^|C(TV^O) - G(T k (u; 2 ,x 1 ))\ 



n-l 



k=0 

n-l 



< CA n \u x - u 2 \ Y^{n - k + ljVamia-i^-n 

fc=0 

oo 

The last sum is finite, which concludes the proof. □ 

For n ^ 2, write = \Y n+2 (uj),Y n (uj)). Thus, if n ^ 1, J^ +1 (c<j) is the preimage of 

I+(Fu), defined by I^(Fu) = [X n+2 (Fu), X n (Fu)]. These intervals will appear naturally 
in distortion controls, since we have seen in the proof of Lemma I2~7I that . if we move away 
horizontally from a point of J n (ui), we find a point of J n+ i{uJ 2 ) for i e {0,1}, i.e. in 

Lemma 2.8. There exists a constant C such that 

Vn^O.VweS^Var.ye J+{u>), |ln(T")'(;r) -ln(T")'(y)| < C|T"(x) - T£{y)\. 

Proof. Recall that the Schwarzian derivative of an increasing diffeomorphism g of class 

C 3 is Sg(x) = 9 g/ (x) ~~ I ( 9 g '(x) ) ' ^ ne com P os hion of two functions with nonpositive 
Schwarzian derivative still has a nonpositive Schwarzian derivative. 

For r > 0, the Koebe principle ([dMvS93, Theorem IV. 1.2]) states that, if Sg ^ 0, and 
J C J' are two intervals such that g(J') contains a r-scaled neighborhood of g(J) (i.e. the 
intervals on the left and on the right of g(J) in g(J') have length at least T\g(J)\), then 
there exists a constant K(t) such that 



Vx,ye J,\\ng\x)-\ng'{y)\ ^ K{r) 



\x 



\J\ 



This implies that the distortion of g is bounded on J, whence it is possible to replace the 
bound on the right with K'(t) |g7/j| ■ 

In our case, if < a < 1, the left branch of T a has nonpositive Schwarzian derivative, 
since T£' < and T' a > 0. Let in particular g be the composition of the left branches of 
T^pn-i^s, . . . , T a ( Fu} ), and of the right branch of T a t w y Then, on J+, we have T™ = g, and 
g has nonpositive Schwarzian derivative. 

We want to see that \ln(T™)'{x) - \n{T^)'{y)\ ^ C|T"(x) - T£(y)\. For this, we apply the 
Koebe principle to J = J+ and J' = [1/2 + 5,2] for 5 very small. Then g(J) = [X 2 , 1] 
while g(J') contains [5', 2] for 5' > 0, arbitrarily small if 5 is small enough. As the X 2 
are uniformly bounded away from 0, there exists r > (independent of uj and n) such 
that g(J') contains a r-scaled neighborhood of g(J). The Koebe principle then gives the 
desired result. □ 
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Proposition 2.9. There exists a constant C such that, for every A s>n , for every (ui,Xx) 
and (o> 2 , x 2 ) G A s>n , 



det£>T n (cj 1 ,xi; 



det DT n (u)2,x 2 ) 



^Cd{T n {u 1 ,x 1 ),T n {u J2 ,x 2 )). 



Proof. The matrix DT n (u,x) is upper triangular, with 4 n in the upper left corner. Thus, 
we have to show that 

-HT2j(x 2 )\ < Cd(T n (uJi, Xi),T n (uj 2 , x 2 )). 

Assume for example x 2 ^ X\, which implies that T^ 2 (xi) ^ 1/2 for k = 0, . . . ,n — 1. 
Lemma I2~7I can be applied to x\, lo\ and u 2 , and gives in particular that x\ G J^{u 2 ). 

Write 

|ln(T: 2 )'(^) - ln(Z£)'(*i)| < \HT: 2 )\x 2 ) - ln^J'^i) | + |ln(T- - ln^J'^i) | 

< CdiT 1 ^ x 2 )), T n (o; 2 , an)) + E\F n uo 2 - F n ^| 

by Lemmas 12.71 and 12.81 For the first term, 

d(T n (u 2 , x 2 ),T n (u 2 , Xl )) < d(T n (uj 2 , x 2 ) ) T n {u li x 1 )) + d^fa, Xi), T> 2 , m)) 

< cf(T n (o; 2 , x 2 ), T n {u u x x )) + (D + l)|F n ^ - F n u 2 \ 

using admissible curves. 

As \F n u)\ — F n u 2 \ ^ d(T n (uJi, xi), T n (u 2 , x 2 )), we get the conclusion. □ 



2.5 Construction of the invariant measure 

The previous estimates and Theorem 12.11 easily give that Ty admits an invariant mea- 
sure, with Lipschitz density. Inducing gives an invariant measure for T, whose density is 
Lipschitz on each set S 1 x (X n+ i, X n ). However, this does not exclude discontinuities on 
S 1 x X n , which is not surprising since T itself has a discontinuity on S* 1 x {1/2}, which 
will then propagate to the other X n , since the measure is invariant. 

However, in the one- dimensional case, Liverani, Saussol and Vaienti ( |LSV99j ) have proved 
that the density is really continuous everywhere, since they constructed it as an element 
of a cone of continuous functions. This fact remains true here: 

Theorem 2.10. The map T admits a unique absolutely continuous invariant probability 
measure dm. Moreover, this measure is ergodic. Finally, the density h = is Lipschitz 
on every compact subset of S 1 x (0, 1]. 

Proof. Consider the map Ty induced by T on Y = S 1 x (1/2, 1]. It is Markov for the 
partition a = {A S)n }, and transitive for this partition since T Y {a) = Y for all a G a. 
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Moreover, it is expanding for d! on each set of the partition (Proposition 12.6(1 and its 
distortion is Lipschitz (Proposition I2.9( and d equivalent to d'). 

Theorem 12.11 shows that Ty admits a unique absolutely continuous invariant probability 
measure dmy = hdLeb, which is ergodic. Moreover, the density h is Lipschitz (for the 
distance d', whence for the usual one) on each element of the partition a* generated by 
the sets Ty(a), i.e. on the sets Ki. 

To construct an invariant measure for the initial map T, we use the classical induction 
process ( |Aar97( Section 1.1.5]): let ify be the return time to Y under T, then /x = 
Z~2^=o T^imy \ipy > n) is invariant. To check that the new measure has finite mass, we 
have to see that ^Wy(y2y > n) < oo. As dmy and dLeb are equivalent, we check it for 
dLeb. We have 

Leb(v? y > n) = Leb(^ x [l/2,Y n+1 ]) = \ Leb^ 1 x [0,X n ]) < 
using Lemma l2~2l As a max < 1, this is summable. 

We know that h is Lipschitz on the sets [■£, x [1/2, 1], we have to prove the continuity 
on {s/4 9 } x [1/2, 1], which is not hard: these numbers s/4 q are artificial, since they depend 
on the arbitrary choice of a Markov partition on S 1 . We can do the same construction 
using other sets than the A SjTl . For example, set A' sn = [~ + j^k, § + ^ttt] x J n , and 
K'i ~ tl ^ ~hi \ 1^"]' Since 1/3 is a fixed point of F, the map Ty is Markov for the 
partition {A' s n }, and each of these sets is mapped on a set K[. Thus, the same arguments 
as above apply, and prove that h is Lipschitz on each set K[. Since the boundaries of the 
sets Ki and K\ are different, this shows that h is in fact Lipschitz on S 1 x [1/2, 1]. 

We show now that h is Lipschitz on S 1 x [X 2 , 1]. Note that it is slightly incorrect to say 
that h is Lipschitz, since h is defined only almost everywhere. Nevertheless, if we prove 
that |/i(x) — h(y)\ ^ C<i(x, y) for almost all x and y, then there will exist a unique version 
of h which is really Lipschitz. Thus, all the equalities we will write until the end of this 
proof will be true only almost everywhere. 

Let A+ n = [^, x J+ : T n is a diffeomorphism between A+ n and Kf = [±, x 
[X 2 , 1]. We fix some K + = Kf = I x [X 2 , 1], and we show that h is Lipschitz on K + . 
Let Ui,U2, . . . be the inverse branches of T ni ,T n2 , . . . whose images all coincide with K + . 
Let Ty be the map induced by T on Y = S 1 x [1/2, 1]. Then hdLeb\y is invariant under 
Ty, which means that, for each x £ / x [1/2, 1], 

where JUj is the jacobian of Uj. 

Let Z = S 1 x [X 2 ,l], and Tz be the map induced by T on Z. Since hdLeb\z is also 
invariant under Tz, we have the same kind of equation as above. For x £ I x [X 2 , 1/2], 
all its preimages under Tz are in S 1 x [1/2, 1], and the invariance gives that 

/i(x) =^2jUj(x)h(Ujx). 
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We have shown that, for every xG S 1 x [X 2 , 1], 

This means that h is invariant under some kind of transfer operator, even though it is not 
a real transfer operator since the images of the maps Uj are not disjoint, and since they 
do not cover the space. In particular, the images of the Uj are included in S 1 x [1/2, 1], 
and we already know that h is Lipschitz on this set. 

The bounds of the previous paragraphs still apply to the distortion of the Uj, and their 

^ Cc?(x, y) for a constant C independent of j, and 



1 _ JUj(y) 



expansion. In particular, , ;/ (xj 

\h(Ujx) — h(Ujy)\ ^ Cd(UjX,Ujy) ^ Dd(x.,y) (since h is Lipschitz on the image of Uj). 
Thus, 

\h(x) - h(y)\ < - JU 3 {y)h(U,y)\ 

^Y<\ JU A*)\ IM^x)| + ^|J^(y)||M^x)-M^y)l 

< Cd(x,y)J2\ JU 3 (x) \+Dd( X ,y)J2\ -JU 3 (y) | - 

It remains to prove that ^ \JUj(x) \ is bounded. The bound on distortion gives JUj(~x) x 
Leb(Im[7j), whence ^2JUj(x) ^ C^2Leb(lmUj), which is finite since every point of 
I x [1/2, 1] is in the image of at most two maps Uj. 

We have proved that h is Lipschitz on S 1 x [X 2 , 1], except maybe on {^} x [X 2 , 1]. As 
above, using another Markov partition, we exclude the possibility of discontinuities there. 
Thus, h is Lipschitz on S 1 x [X 2 , 1]. 

To prove that h is Lipschitz on S 1 x [Xk, 1], we do exactly the same thing, except that 
we consider [l^+fc, YjJ instead of = [Y n+ 2,Y n ]. As above, writing U\,U 2 ,... for the 
inverse branches of T n defined on a set [7^7, x [y n+ fc, 1^] and whose image is K 1 = 
[£, ^] x [X fc , 1] = / x [X fc , 1], we show that h(x) = £ JUj(x)h(UjX) for x £ Hf'. In 
fact, for x G I x we use the invariance of /idLeb under the map induced by 

T on S 1 x [X";,l]. We conclude finally as above, using the fact that h is Lipschitz on 
S 1 x [1/2, 1], which contains the images of the Uj. 

This concludes the proof, since every compact subset of S 1 x (0, 1] is contained in S 1 x 
[Xk, 1] for large enough k. □ 



3 Limit theorems for Markov maps 

We want to establish limit theorems for Birkhoff sums, of the form (TV). We give 

in this section an abstract result, valid for a map that induces a Gibbs-Markov map on a 
subset of the space (which is the case of our skew product). Related limit theorems have 
been proved in |Gou 02j. but we will show here a slightly different result, which requires 
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more control on the return time f but is more elementary, using Theorem IA.1I proved 
in Appendix El and inspired by results of Melbourne and Torok QMT02J) for flows. An 
advantage of this new method is that, contrary to |Gou02j . it can easily be extended to 
stable laws of index 1. 

If Z , . . . , . . . are independent identically distributed random variables with zero 
mean, the sums -J- Ylt^o ^ k ( wnere B n is a real sequence) converge to a nontrivial limit 
in essentially three cases: if G L 2 , there is convergence to a normal law for B n = 
y/n. There is also convergence to a normal law, but with a different normalization, if 
P(\Zk\ > x) = x~ 2 l(x) with L(x) := 2 f* l —du unbounded and slowly varying (i.e. 
L : (0, oo) — > (0, oo) satisfies Va > 0, lim^oo L(ax)/L(x) = 1) - this is in particular 
true when / itself is slowly varying. Finally, if P(Zk > x) = (ci + o(l))x~ p L(x) and 
P{Zf t < —x) = (02 + o(l))x~ p L(x), where L is slowly varying and p G (0,2), we have 
convergence (for a good choice of B n ) to a limit law called stable law. Moreover, these 
are the only cases where there is a convergence (|Fel66j). 

In the dynamical setting, we will prove the same kind of limit theorems, still with three 
possible cases: L 2 , normal nonstandard, and stable. The normalizations will moreover be 
the same as in the probabilistic setting. 

Theorem 3.1. Let T : X —>■ X be an ergodic transformation preserving a probability 
measure m. Assume that there exists a subset Y of X with m{Y) > such that the first 
return map Ty(x) = T^ x \x) (where <p(x) = mi{n > | T n (x) eY}) is Gibbs-Markov 
for itl\y, a partition aofY such that (p is constant on each element of a, and a distance 
d on Y . 

Let f : X — » R be an integrable map with J f = 0, such that fy(y) '■= Y^=o~ 1 f^ n u) 
satisfies 

^^m^DfY^a) < oo (5) 

where 

Df Y (a) = M{C > | Vx,y G a, \f Y (x) - f Y (y)\ ^ Cd(x,y)}. 

Set M(y) = maxiscfc^y) 
Then: 

• Assume that fy G L 2 and M G L 2 . Assume moreover that (p satisfies one of the 
following hypotheses: 

- <peL 2 . 

— m((p > x) = x~ p L(x) where L is slowly varying and p G (1, 2]. 
Then there exists a 2 ^ such that A=S n f — > W(0, a 2 ). 



T,Uf° Tj (y) ■ 
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Assume that m(|/y| > x) = x 2 l(x), with L(x) := 2 f* ^ du unbounded and slowly 
varying. Assume moreover that m(M > x) ^ Cx~ 2 l(x), and m(ip > x) = (c + 
o(l))x" 2 /(x). Le£ S n -> oo safe/j/ nL(5 n ) = Then -±S n f -> W(0, 1). 

Assume thatm(fy > x) = (ci+o(l))x~ p L{x) andm(fy < —x) = (c2 + o(l))x~ p L(x) 
where L is a slowly varying function, p G (1,2), and ci,c 2 ^ wift c\ + c 2 > 0. 
ylsswme a/so that m(M > x) ^ Cx~ p L(x) , andm(<p > x) = (c^ + o(l))x~ p L(x). Let 
B n — > oo satisfy nL(B n ) = B p . Then -^-S n f — > Z where the random variable Z has 
a characteristic function given by 

E(e itz ) = e ^ c l*l p ( 1 -^ s s n (*) tan ( i r)) 



wi/i c = (ci + c 2 )r(l — p) cos (^) and /3 



C1-C2 
Cl+C 2 ' 



Note that M(y) ^ ^ji=o l/(^ J ^)l = IfWiv)- Thus, if the integrability hypotheses of 
the theorem are satisfied by \f\y (which will often be the case), they are automatically 
satisfied by M. 

In the second case of the theorem, when I itself is slowly varying, then L is automatically 
slowly varying. 

The second case of the theorem is not the most general possible result, since one may 
have convergence to a normal law even when the function / is not slowly varying (what 
really matters is that L is slowly varying). The theorem can be extended without problem 
to this more general setting, but the result becomes more complicated to state. In the 
applications, the statement given in Theorem 13. II will be sufficient. 

Proof. The idea is to use Theorem IA.1I we have to check all its hypotheses. We will use 
the notations of this theorem, and in particular write Ey{u) = ^*pj- ■ 

We first treat the third case (stable law), using the results of [ADO^ (and the generaliza- 
tions of |Gou02j ). Let s(x,y) be the separation time of x and y defined in (J2J), r = 1/A 
and d T = t s the corresponding metric. Since every iteration of Ty expands by at least A, 
we get d(x,y) ^ Cd T (x,y). In particular, we can assume without loss of generality that 
d = d T , which is the setting of AD01 and |Gou02j . 

Let P be the transfer operator associated to T Y (i.e. defined by J u ■ v o T Y = J P(u) ■ v), 
and P t {u) = P(e itfY u). Let C be the space of bounded Lipschitz functions (i.e. such 
that there exists C such that, Va G a,Vx,y G a,\g(x) — g(y)\ ^ Cd(x,y)). Theo- 
rem 5.1 of [AD01 ensures that, for small enough t, Pt acting on £ has an eigenvalue 

\U\ rWI*l p fl-^sgn(t)tanf2f ))L(|t|- 1 )(l+o(l)) . . , r , , . 

A(t) = e m < y ) v few \ 2 j j remaining part of its spectrum being 

contained in a disk of radius ^ 1 — 8 < 1. In fact, this theorem requires that Dfy(a) is 
bounded, but [Gou02, Theorem 3.8] shows that it remains true under the weaker assump- 
tion ^2m(a)Dfy(a) < oo. 

Lnm(Y)J ^ -c|t|*(l-i/3sgn(t)tan(^)) 



The slow variation of L easily implies that A 
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whence, for g G £, 

E Y | 3 e'i s U)j /y ] _> E Y {g)E{e itZ ) (6) 

where the random variable Z is as in the statement of the theorem (see |AD01j or |Gou02j 
for more details). We can not apply this result to g = <p, since ip is not bounded. However, 
cp is Lipschitz and integrable, whence Pip G £ ([ADQlJ Proposition 1.4]). Equation (jSJ) 
applied to Pip gives E Y (<^e^ 5 Lrf)J /yoIV ) -> E(e ltz ), since E Y (P(p) = E Y ((p) = 1 
by Kac's Formula. Let k(n) be a sequence such that [k(n)m(Y)\ = \nm(Y)\ — 1- 

( i - S Y f oT \ 

Since k(n) ~ n, the same arguments give in fact that Ey iipe B ™ iHn)™-{Y)\ IY Y \ — » 
E{e itz ), i.e. ^ e ^ (5 i^™C y )J /Wy) J _» E{e itZ ). The difference between this term and 

-Ey ^e t;g »^ s Lnm(r)j^^ i s bounded by £?y ^ e~ l ^^ Y — 1 which tends to by domi- 
nated convergence. Thus, 



Ey (^e''^ 5 L'»»wJ /y j -> £(e itz ) 

This is (122)) . Finally, since L is slowly varying, the equation nL(B n ) = B p implies that 
sup r ^ 2ra J 21 < oo, inf r ^ n ^- > (using for example |Fel66|. Corollary page 274]). 

Let e > 0, we bound m(M ^ sB n ). 

m(M ^ eB n ) < C(sB n )- p L(sB n ) = Ce~ p B- p L(B^ L ^ Bn ^ 



L(B n ) 



But B n p L(B n ) = ~ by definition of £> n , and tends to 1 since L is slowly varying. 

Thus, m(M > e5 n ) ^ which proves ljz3j) . 

Hypothesis El of Theorem IA.1I is satisfied for 6 = 1, according to the Birkhoff Theorem 
applied to ip — E Y (ip) (and because T Y is ergodic, which is a consequence of the ergodicity 
of T). Finally, the hypothesis on the distribution of ip ensures, once again by |A~D01j. 



that L " m(y)J<lP B — - - Y ^ converges in distribution. Thus, (|24t|) is satisfied. We can use 
Theorem IA.11 and get that -§l — > Z. 

The proof of the second case of Theorem 13 .11 is exactly the same, using [AD98 instead of 
jADOlj to show the convergence in distribution of S[nm ^ )j/y and s i-"( y )J y "™ (y)i;Y(ri , 

In the first case (f Y G L 2 ), the proof is again identical when ip G L 2 , with B n = y/n, using 
[GH88 (or the remarks of [AD98 ). However, when m{ip > x) = x~ p L(x), we check in a 
different way the hypotheses El and 0] of Theorem IA.1I |AD01j ensures that, if B' n is given 
by 

nL(B' n ) = (B' n y, (7) 
then — ^~" £y (^) converges in distribution. Moreover, |Gou02[ Lemma 3.4] proves that 

n 

Pj Y G C, and has a vanishing integral. As P has a spectral gap on £, P n f Y — > 
exponentially fast. In particular, f f Y o Ty • f Y = f(P n f) ■ f = 0((1 — 5) n ) for some 
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< 5 < 1. Thus, as fy G L 2 , |Kac961 Theorem 16] gives that, for every b > 1/2, 
W ^k=o fyiTy) — > almost everywhere when AT — >■ oo. In the natural extension, f fy ° 
Ty n ■ fy = f fy ■ fy ° Ty decays also exponentially fast, whence the same argument 
gives that jfpEfc=o 1 / 1 '(^) ~~ ¥ when iV — > — oo. Thus, Hypothesis El of Theorem 
IA.1I is satisfied for any 6 > 1/2. Let k > be very small. As L is slowly varying, 
L(B' n ) = 0((B' n ) K ), whence Equation © gives B' n = 0(n 1 /( p " K )). Thus, if b < §, we have 

= 0(Bl /b ), which implies (J2U). □ 



4 Asymptotic behavior of X n 

We return to the study of the skew product (JIJ). To prove limit theorems using Theo- 
rem we wm need to estimate m{ify > n), which is directly related to the speed of 
convergence of X n to 0. This section will be devoted to the proof of the following theorem: 

Theorem 4.1. We have 

X, 



n 



<-mm y 2a" (x ) 



almost everywhere and in L 1 . 
Lemma 4.2. We have 



E , e -(a-a min )w^ _ I n 1 w hen w^oo. (8) 

Y 2a" \Xq) y/W 

Proof. Write (3 — a — a min , and f(b) = Leb{u; | j3{uS) G [0,6)}. In a neighborhood of 
xq (the unique point where a takes its minimal value a m in), ot behaves like the parabola 

"mm +^y^{x - x ) 2 , whence f{b) ~ J^r^Vb when 6^0. 



Writing Pp for the distribution of /3, an integration by parts gives 

poo poo poo 

E ( e -( a - a ->) = / e~ bw dPp(b)=w e - bw f(b)db= e~ u f{u/w)du 
Jo Jo Jo 

roc 

e~ u {y/wf{u/w)) du. 



1 



But e u (y/wf(u/w)) — > e U J a n^ y/u when iu — > oo. There exists a constant E such 

that /(«) ^ E\Ju (this is clear in a neighborhood of 0, and elsewhere since / is bounded), 
whence e~ u (y/wf(u/w)) ^ Ee~ u y/u integrable. By dominated convergence, 



e 



o 



-(v^H) to^J-^- fe-VSte 



71 



a"(x ) 2 ' 

□ 
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Proof of Theorem \4-l\ As in Proposition 12.21 we write 
1 1 



X n (Fu) a ^ X n+1 {uj) a ™ 
Proposition 12.21 gives 



a min 2 a ^(2X n+1 (uj)r^- a ^ + 0(X n+1 (u) 2a ^- a ^). 



X n+1 (u) 2a ^- a ^ ^ X n+1 (u) a ^ ^ 



C 



(U + l) Q mi„/< 



C 



as a min I a max ^ 1/2 by hypothesis. Thus 
1 1 



Vn + l 

2 a ^ a min (2X n+1 ( W )) a - Q ^ + 0(1/ V^)- 



X n+1 (Lu) a >™ X n (Fu) a ™ 
Summing from 1 to n, we get a constant P (independent of uj) such that 

1 



> 9 Qmin a ■ 

x n (u) a - 



< 2 amiD a 



k=l 



X n (u)« 

Equation (jHJ) and Proposition 12.21 imply that 
1 



J2(2X k (F n - k cu)) a{Fn ~ kuj) - a ^ - P^n~ 

k=l 
n 

^{2X k (F n ' k uo)) a ^ Fn ' k ^- a ^ + P^ 



(9) 
(10) 



n 



n 2 a ™* a min X n (u) a >™ 



Inn 



n 



^2 ( u 



k=l 



2C~ 



l \ a(F n - k u)-a min 



P 



In n 



n 



--■ A n {uj). 



(11) 

We first study the convergence of A n . The functions a and a o have the same 

distribution since F preserve Lebesgue measure. Thus, by Lemma f4.2| 



E 



2C- 



-X \ aoF n fe -a mill 



^1/ Q m 

Summing, we get that 



7T 



1 



7r ct r 



2a"(x ) ^(fcV^min) -ln(2C- 1 ) V 2a"(x ) VhTk 
E(A n ) - G x :-- 



2a"(x ) 



(12) 



n 1 n 



since ? = 

J-—'k=2 Y^ln \/lnn 

We will need L p estimates, for p ^ 1. To get them, we use a result of Frangoise Pene, 
recalled in Appendix[Bl Let us denote by || g\\ the Lipschitz norm of a function g : S 1 ^ M.. 



We define fk(uj) 



2C~ 



! \ Q (^)- Q miii 



k 1 / a min 



, and g k = f k - E(f k ). Thus, A n = ^ ELi /j 



P n — Py „ • fi'fc = l n (^ fc i/ amin J «'/fc) there exists a constant L such that, for k ^ n, 
\\g k \\ ^ Linn. As a consequence, Theorem IB. II applied to g k j '(Linn) gives 

v^hTn 



|j4 n E(A r 



-Linn 



n 



Y,9koF n - k /{Llnn) 



k=l 



y/lnn l — 
^ L In nK p y/n, 



n 
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i.e. 



\A n -E{A n )\\<L p ] 



'In 3 n 



n 



(13) 



This implies in particular that A n converges almost everywhere to G\. Namely, if 5 > 0, 



lA^EiA^l L 4 /ln 3 n^ 2 
Leb{K-£(A n )| > 5} ^ / ^ ^^[~ 



which is summable, and E(A n ) — > C±. 
We have 



AJu) > 



'Inn 



n 



2^—1 \ Q max — Qmin 



fc=i 



n J 



since a max / oWn < 3/2. Thus, 



A, 



< iv' 



Omai / Qmin —1 



vln" 



n 



(14) 



Note that tends to C\ ^ 0, whence g A > is bounded. Thus 



v4„ -E^^-r, 



"I ,vt Qmax / C^min 1 / In^ 

^-^(AJIL^'''- — ^= — L r < u - 



E(A n ) 



VhT 



n 



In n 



rr 



where k = § — > 0. In particular, -r- tends to in every LP . Equation (fTTl) shows 
that 



. vhn 

The right hand side tends to 



1/ a m in 



n " (2 Q m i n a min A n ) 1 /° mi n- 



(15) 



Co := 



2a" (xq) 



(16) 



in every L p , and in particular in L 1 . Thus, 
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Moreover, A n converges almost everywhere to C\, whence ()15|) yields that, almost every- 
where, 

l/amin 



lim 



n 



n 



XJu) < Co 



Set Q = sup n f jgp + 1, w e estimate Leb j^- ^ q|. If p ^ 1, 



Leb <! — ^ Q }> Leb 



In particular, choosing p large enough gives 



^ 1 > ^ _E 



A n E(A r , 



Inn 



rr 



M 
n 5 



Setting Q' = 2 c mi ^ a , (fT5j) thus yields that 



Leb <X n ^ 



Q'VhT 



1/ "min 



M 



(19) 



Consequently, U n : = |cj | ^k^n with X fc (F n " fc cj) ^ (^r^) 1/Qm,n | has a mea- 
sure at most Y^mjs ^ (since Leb is invariant under F n ~ k ). Finally, Borel-Cantelli 
ensures that there is a full measure subset of S 1 on which uj ^ U n for large enough n. 
Set 

/Inn 



n 



A / 2(g / v / hTfc) 1 /« mi n 



a (F"-^)_ Qmin 



fc=l 



^1/ <*min 



+ (P + l)Vn 



As for A ra , we show that A' n — > Ci in every L p and almost everywhere. 

Let u be such that uj ^ U n for large enough n, and ^(o;) — > C\ (these properties are 
true almost everywhere). Then, for large enough n, Equation fjlOj) and the fact that 

■ / r-\! A r\ ^/ ^min 

X k {F n ~ k u) <: for y/E <C k < n, yield that 



2 Q m i«a min X n (cj) c 



V 7 " n 

fe=i fc =v /H 



2(g / v / hTI) 1/ 

fcV "rnin 



a(F"- fc o;)-a min 



VhT 



n 



Thus, 



lim 



n 

ThT 



n 



y/lnn 

1/ a m in 



XJu) > C 2 



(20) 
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Equations (fT8|) and (|2D|) prove that ( -7= J X„ tends almost everywhere to C 2 . We 

get the convergence in L 1 from the inequality (fTTj) and the following elementary lemma. 

□ 

Lemma 4.3. Let f n be nonnegative functions on a probability space, with f n —>f almost 
everywhere, and UmE(f n ) ^ E(f) < oo. Then f n —>f in L l . 



5 Limit theorems 

Set 

A = — Z~n7T~ I hdLeh ' ( 21 ) 

>S 1 x{l/2} 



1/ Omin 

4 [ « mi n 3 / 2 



2a" (x ) 

where h is the density of m with respect to Leb. 
In this section, we prove the following theorem: 

Theorem 5.1. Let f be a Holder function on S 1 x [0,1], with J f dm = 0. Write 
fs 1 x{o} 

r 2\ 



If O-min < 1/2, there exists a 2 ^ such that -j^S n f — ► Af(0, a 2 



Ifa mm = 1/2 and c + 0, then , 2 f n/ -> jV(0, 1). 

v '£_A n (l nn )2 

If 1/2 < a m i n < 1 and c ^ 0, taen a . -g^ — = > Z, where the random variable Z 

has a characteristic function given by 



E 



(e itz ) = e ~ A|c|1/ '"""re 1 - 1 / ^ a ™») cra (2^)l*l 1/am "( 1 - is gKc0tan(2 7 ^-)) 



• If 1/2 ^ a m j„ < 1 and c = 0, assume also that there exists 7 > sitca taa£ 
|f(a;,x) — fUo, 0)1 ^ Cx 7 , wnia 7 > a ma:r (1 — ^ — ). Taen iaere exists a 2 ^ 
such that -j^S n f -> W(0,cx 2 ). 

The random variable Z in the third case has a stable distribution of exponent 1 / a m ; n and 
parameters A|c| 1//a,nl, T(l — 1/ a m i n ) cos ( „ n ) and sgn(c). 

y ^ a min / 

To prove this theorem, we will use Theorem 13 .11 For this, we need a control of m(</?y > n) 
which comes from the asymptotic behavior of X n proved in Theorem 14.11 It will also be 
necessary to estimate m(/y > x), through the study of the integrability of fy (Lemmas 
IQland lOjl . 

In the rest of this section, / will be a Holder function on S 1 x [0, 1], fixed once and for 
all. Recall that f Y (y) = E£=? )_1 f(T h y) , where ifY is the first return time to Y = 
S 1 * (1/2,1]. 
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r • ^ 1/ Oi-min 

V Inn 



5.1 Estimates on measures 
Lemma 5.2. We have 

m((fY > n) ~ ( ; — ) A 
where A is given by (|2T|) . 
Proof. We have 

p rY n+1 {uj) p rX n (Fw)/2 

m(ipY > n) = / / h(u, u) du duj = / / h(u, 1/2 + u) duduj 

Js 1 J 1/2 Js 1 Jo 

f X ( Fuj) f r x n(Fui)/2 

= / n \ 1 h(u, 1/2) duj+ / / [h(u,l/2 + u)-h(u,l/2)]dudu 

JS 1 2 Jgl J 

= 1 + 11. 

/ \ 1/ "min 

As (-7f=) X n (Fu) — ► -j^ — in L and almost everywhere 

( Theorem 14. lj) and h(u,l/2) is bounded, we get that / ~ ( y -^ 11 ) A. Moreover, 

/ A \ V Q min 

for large enough n, \h(u, 1/2 + u) — h(uj, 1/2) | ^ e, whence II = o ( j . □ 
Lemma 5.3. If a min < 1/2, then f Y G L 2 (Y, dm). 
Proof. We have 

/ f Y dm C m(ifY = n)n 2 = C ^^(m(y?y > n — 1) — m((fY > n))n 2 
^ C m(v?y > 

/ r. \ •!•/ "min 

which is summable since m((pY > n) ~ A J with 1/ a m in > 2. □ 

Lemma 5.4. Assume that f s i x r \ f = 0. Let a max > 7 > be such that \ f( 



n)n 

1/ "min 



o>, x ) — 



f(u, 0)| ^Cx+Ifl<p< min ( J_ , tten /y G L*(y, dm). 

Proof. As /i is bounded on K, it is sufficient to prove that fy G ViXi dLeb). 

Assume first that / = on S 1 x {0}. Then, if x = (00, x) satisfies <^y( x ) = n i we have 
Mx) = Eo _1 /(r fe x). If ^ 1, T*(x) < X n _ k (F k co) < (n _ fc) f /Qmax , whence |/(T*x)| *C 



c 



( n _fc)T/"max ) an d a summation yields that |/y(x)| ^ Cn 1 7/ ,QWx . Thus, 



n % ) n P( 1 -7/"m a x) 



^ C m{ify > 



n % ) n P( 1 -7/0!m a x)-l > 
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/ r, \!/ a min 

As m(ip Y > n) ~ A ( j , this last series is summable as soon as 



' ' P (l — ) — I I- 



which is the case by assumption on p. 

Assume now that / has a vanishing integral on S . Let g(u,x) = f(u,0). The function 
f — g vanishes on S 1 x {0}, whence fy — gy G LP according to the first part of this 
proof. Consequently, it is sufficient to prove that gy G LP. Write x( u ) — fi^i 0) and 
S n x(u) = J2kZlx(F k u): then gy(w,x) = S Vy(uJ:X) x(uj). 

Let M n x(u) = maxfc^ n |5fcx(a;)|. Let 5 > 0, and I = so that j + = I. We have 

*l/2+X n _i(Fw)/2 



\9y\ p = J2 / |5 nX M| p d M dcu 

n=0 ^l/2+X n (Fo;)/2 

<J2 / |M 2fcX M| p d M do; 



fc=1 ^S 1 Jl/2+X 2fe (Fo;)/2 

OO „ OO 



^ V / X 2fc -i(Fo;)|M 2 *xMI P cL;< V ||X 2 *-i o F|| 1+ J|M 2 * 
fc =i J* 1 k=l 



xf 



ip i 



where the last inequality is Holder inequality. If 5 is small enough, lp > 2, whence 



ip-i , — 

Corollary IB .41 yields that ||M 2 fcx|L ^ Ck y2 k . Moreover, 

1/(1+<5) / v /ln(2 fe - 1 )^ TTT ^ 



\X»-ioF\\ l+s = \\X 2k -4 1+s < / X 2k -, ] ~ c 



by Theorem 14.11 Thus, f \gy\ p < oo if > |, and it is possible to choose 5 such 

that this inequality is true, since > f by hypothesis. □ 



5.2 Proof of Theorem 15.11 

To apply Theorem 13 .![ we first check the condition (jSJ). Let 9 be the Holder exponent of /. 
We will work with the distance d\-e = A For this distance, T Y is a Gibbs-Markov 

map. 

Fact: if f is 9 -Holder on S 1 x [0, 1], then 

y^m[A s ^ n }D fy(A Stn ) < oo. 



Recall that Df Y (A Syn ) (defined in Theorem IH.ljl is the best Lipschitz constant of f Y on 
A S)Jl , here for the distance d x -e. 
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Proof. Take (ui,Xi) and (u 2 ,x 2 ) G A s ^ n with for example X2 ^ X\. This implies that 
xi G J+(cu 2 ) and that, for ^ k < n, d(T*(u;i, Xi), T fc (cu 2 , x 2 )) < (1 + D^F^ - F fc cj 2 | 
(see the beginning of the proof of Proposition 12. Moreover, d(T k (u2, xi), T k (u 2 , x 2 )) ^ 
d(T™ (co> 2 , xi), T n (ui2, X2)) (since, if u is fixed, the map T a ^ is expanding). 

Thus, for ^ k ^ n, 

d(T k (u l ,x 1 ),T k (u 2 ,x 2 )) < C /(T fc (^ 1 ,x 1 ),T fc (cu 2 ,x 1 )) + rf(T fc (^ 2 ,x 1 ),T fc (cu 2 ,x 2 )) 

< (1 + D) |FV - F k oo 2 \ + d(T n (u 2 , x 1 ),T n (u 2 , x 2 )) 

< (1 + DJIi^wi - F n cu 2 | + d(T n (cu 1; xi), T"(cu 2 , xO) 
+ d(T> 1 ,x 1 ),T> 2) x 2 )) 

< (1 + D)|FV - F n w 2 | + (1 + D)|F n a;i - F n u 2 \ 
+ d(T n (u l ,x 1 ),T n (u 2 ,x 2 )) 

< (3 + 2F)rf(T n (cui,xi),r ri (u; 2 ,x 2 )). 

We deduce that 

n-1 

xi) - Mo*, x 2 )| < £ |/(T fc (^, xO) - /(T fc (^ 2 , x 2 ))| 

A:=0 
n-1 

^^Cd(T*(o;i^i)^ fc (a; 2 ,a; 2 )) fl 

fc=0 

< C , nd(T n (ux,x 1 ),T n (u2,x 2 )) e . 

As Ty is expanding for the distance d! (defined in Q, and equivalent to d), we get 

d(T n (u 1> x 1 ),T n {u 2> x 2 )) ^ Crf A -i(T"(^i,xi),T"(^ 2 ,x 2 )) = CXd x -i{{uJi, x x ), (uj 2 , x 2 )), 

whence d(T n (ui, xi), T n (u 2 , x 2 )) e ^ Cd x -e((u}i, Xi), (u; 2 , x 2 )). 
Thus, DfY(A Stn ) ^ Cn, and 

^m(A Sin )L)/y(v4 Sin ) < C^m(v9y = n)n = C < +00, 

by Kac's Formula. 

Proof of Theorem \5.1\ In the 1/2, Lemma f5.3l gives that /y 6 i 2 . Moreover, 

|/|y G L 2 for the same reason, and G L 2 (since (f = gy for g = 1, whence Lemma [5.31 
applies also). We have already checked the condition @, so we can apply (the first case 
of) Theorem 13.11 This yields the central limit theorem for /. 

The second and third cases are analogous. Let us prove for example the third one, i.e. 
1/2 < ct m i n < 1 and c^O. Assume for example c > 0. We estimate m{fy > x). 

Fact: m(f Y > x) ~ (^^ l,amm A and m(f Y < -x) = o (^f 1 ) 1 ^ 
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Proof. We prove the estimate on m(fy > x), the other one being similar. 

Let g = c on S 1 x [0, 1]. Then gy = nc on [ify = n], which implies that m(gy > nc) 

/ A \ 1/ <*min 

m((p Y > n) ~ ( ^f^j A bv Lemma 

In the general case, consider j = f—g, and let us prove that m(\jy | > x) = o 
As f Y = g Y + j Y , it will give 



1/ «min 



m(gy > x(l + e)) — m(|jV| > xe) ^ m(/y > x) ^ ?n(<7y > x(l — e)) + m(|jy | > xe), 
which gives the conclusion. 

Let 7 > with 7 < min(#, a max ) (where 9 is the Holder coefficient of /). Lemma gives 
that jy G L p if » < min ( — ^— , tt^i s ) ■ We can in particular choose p > 1/ a mm . 

\ a min a min\-L 07 a maxJ / 

Then m(\jy\ > x) ^ J (~^r) = 0(x~ p ), which concludes the proof of the fact. 

The same fact holds for <py and |/|y, with the same proof, whence we are in the third 
case of Theorem 13.11 This gives the desired result. 

Assume finally that | ^ « m in < 1 and that c = 0. Under the hypotheses of the theorem, 
we can apply Lemma 15.41 with p = 2, and get that /y G L 2 . The proof of this lemma 
shows in fact that the function M (defined in Theorem 13. lj) is also in L? . Finally, Lemma 

/ r, \ V "min 

15.21 shows that m[(py > x] ~ ("^p) A.. We have checked all the hypotheses of the 
first case of Theorem 13.11 □ 



A Induced maps and limit theorems 

The aim of this section is to prove very general results stating that, if a function satisfies 
a limit theorem for an induced map, it also satisfies one for the initial map. Similar 
theorems have been proved in |Gou02j. by spectral methods. We will describe here a 
more elementary method, essentially due to Melbourne and Torok for flows ( MT02J). 

If Y is a subset of a probability space (X, m), T : X — > X, and Ty is the induced map on 
Y, we will write S^g = Sa-Io 9 ^y- this is the Birkhoff sum of g, for the transformation 

f 

Ty. We will also write Ey(g) = j^m- Finally, for t G R, \t\ denotes the integer part of t. 

Theorem A.l. Let T : X — > X be an ergodic endomorphism of a probability space (X, m), 
and f : X — > K an integrable function with vanishing integral. Let Y C X have positive 
measure. For y G Y , write (p(y) = inf{n > | T n (y) G Y} and fy(y) = 2~^fclfo _1 f(T h y), 
and M(y) = maxi^*^) f(T j y) 

We assume the following properties: 
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1. There exists a sequence B n — > +oo ; with sup r , <2 „ < oo and inf r > n %- > 0, stzc/i 
t/iat (fy,Lf) satisfies a mixing limit theorem for the normalization B n : there exists 
a random variable Z such that, for every t 6l, 

/ . , S Xnm(Y)\ f Y \ 

E Y <pe ^ -> £y(^)£ {e ltz ) . (22) 



For every e > 0, there exists C such that, for any n G W, 

m{yeY \ M(y) ^ sB n } *C -. (23) 

n 

3. There exists b > such that, in the natural extension ofTy, ^2$^ fy{Ty) tends 
almost everywhere to when N — > ±oo. 

4- For every e > 0, there exists A > and N such that, for every n ^ N , 

Slip - nE Y {f) 



m <y EY 



B i/b 



> A} ^e. (24) 



Then the function f satisfies also a limit theorem: 



E[ e ^)^E(e itz ^ 



i.e. S^- tends in distribution to Z. 



The hypotheses of the theorem are tailor-made so that the following proof works, but 
they are in fact often satisfied in natural cases. Let us comment on these 4 hypotheses: 



1. The convergence (j22|) is very often satisfied when fy satisfies a limit theorem. 
Namely, the martingale proofs or spectral proofs of limit theorems automatically 
give this kind of convergence. 

2. If Zq.Zi,... are independent identically random variables such that — - con- 
verges in distribution to a nontrivial limit, then for all e > 0, there exists C such 
that P(\Z \ ^ eB n ) ^ £ : this is a consequence of the classification of the stable 
laws, see [Fel66j. 

Here, we are not in the independent setting, and there is no such classification. 
However, the same kind of results holds very often: usually, it is not hard to check 
in practical cases that m(\fy(x)\ ^ eB n ) ^ — , since fy satisfies a limit theorem by 

the first assumption. Set \f\y(y) = Y^=o~ l \f(^u)\- As \fW an d fy have more or 
less the same distribution, \f\y satisfies also often 

m{yeY\ \f\ Y ( y )^eB n }^-. J23) 

n 
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Since M ^ fy, ()23fj) implies (|2^j) . Thus, it will often be sufficient to check (I23fj) . 
However, (J23|) is sometimes strictly weaker than ()23f|) . because of cancellations, 
which is why we have stated the theorem with (J23"|) . 

3. The natural extension is useful so that we can let N tend to — oo, and consider 
Ty 1 in the proof. Generally, Birkhoff's Theorem yields that this assumption is 
satisfied for 6=1. This is often sufficient. However, sometimes, it is important to 
have better estimates. It is then possible to use Kac96, Theorem 16], for example: 
this theorem ensures that, if the correlations of fy G L 2 decay at least as 0(l/n), 
then the hypothesis is satisfied for any 6 > 1/2 (for iV — > — oo, use the fact that 
/ fy • fy °Ty — J fy o Ty n ■ fy, and apply the result to Ty 1 ). 

4. The fourth assumption is weaker than 

£iy fif<j ( 1 

3B' n = 0(B l J b ) such that " - ~™ Y{V> converges in distribution. (J2U) 

n 

Moreover, (p is often simpler than fy. Since fy satisfies a limit theorem (this is 
more or less the first hypothesis), this is also often the case of ip, which implies 
(|24jp . Thus, (jHQ) - and hence ({21$ - are satisfied quite generally. 

Proof of Theorem \A.l\ Without loss of generality, we can work in a tower, i.e. assume that 
X = {(y,i) \ y eY,i e {0,. . ., <p(y) - 1}} and that, for i < ip(y) - 1, T{y, i) = (y, i + 1), 
while T(y,cp(y) — 1) = (Ty(y),0). Namely, it is possible to build an extension of X 
satisfying these properties, and it is equivalent to prove a limit theorem in X or in this 
extension (see for example [Gou02, Section 4.1]). Note that Ey(cp) = l/m(Y) by Kac's 
Formula. Let n be the projection from X to Y, given by ir(y, i) = y. 

In this proof, we will write Stf(x), even when t is not an integer, for S\tjf{x)- h" 1 the 
same way, T* should be understood as . We also extend B n to M+, setting B t := -B^J- 

As T is ergodic, Ty is also ergodic ( |Aar97t Proposition 1.5.2]). Birkhoff's Theorem gives 
that 

S Y n V = + o{n) (25) 

m[Y ) 

almost everywhere on Y. For y G Y and iV G N, let n(y, N) be the greatest integer n 
such that S^<f(y) < N. If y is such that S^ip(y) = + o(n) (which is true almost 

everywhere), then n(y, N) is finite for every N, and ~ N, i.e. 

«*4\. - 1. (26) 



Since J x e it{ - s ^M^ = j y ^ e its ^ iY , yields that 

( S Nm(Y)fY) °7T 



P Z (27) 
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in distribution on X. The idea of the proof will be to see that (Sjf m ^ Y )fY) ° n and S^f 
are close (this is not surprising, since one iteration of Ty corresponds roughly to l/m(Y) 
iterations of T). This will give that tends to Z. 

We write 

SnKv, i) = (S N f(y, i) ~ S N f(y, 0)) + (S N f(y, 0) - S^ (y ^ N) f Y (y)) 

+ (Sn(y,N)fY(y) ~ ^ m(y) /y(t/)) + Sj ]m{Y) f Y (y). 

The last term, equal to (£jy m (y)./V) ° 71 , satisfies a limit theorem by (|27jl . To conclude 
the proof, we will see that the three other terms, divided by B^, tend to in probability 

The second and third terms depend only on y. Thus, the following lemma will be useful 
to prove that they tend to on X: 

Lemma A. 2. Let f n be a sequence of functions on Y , tending to in probability on Y . 
Then f n o it tends to in probability on X . 

Proof. Take e > 0. As f n — > in probability, the measure of E n := {y 6 Y \ \f n (y)\ ^ ^} 
tends to 0. As <p G L 1 , dominated convergence yields that f E ip — > 0, i.e. the measure of 



7r (E n ) tends to 0. But tt (E n ) is exactly the set where 



o 7r > e. 



□ 



Fact: -g- (Sxf(y, i) — Sj^f(y, 0)) tends to in probability on X . 



Proof. Set V N (y) = ES?" 1 1/ ° tN {v^)\ ° n Y. Then \\Vi 



\foT 



N\ 



\L\X) 



L\X) 



since T preserves the measure. Thus, V^/B^ tends to in L 1 (Y), and in 
probability. Lemma IA.2I yields that -j^Vn ° tt tends to in probability on X. 

As S N f(y,i) - S N f(y,0) = f(T k (y, 0)) - E^ 1 f(T k (y, 0)), we get \S N f(y,i) - 

S N f(y,0)\ < Vat(^) + 7 (y). Thus, ^ (S N f(y,i) - S N f(y,0)) is bounded by a function 



going to in probability. 



Fact: (Sjs[f(y, 0) — S^ y N ^f Y (y)\ tends to in probability on X . 
Proof. By Lemma IA. 21 it is sufficient to prove it on Y. We have 







pjv/(j/,0) - S niy>N) f Y (y) 



N-l 



Let a > be very small, we show that m |y | M ^Ty^'^yj ^ a-B^v j — > 0. 

Let £ > 0. Let C be such that m(M(y) ^ aE n ) sC by flU. Set 5 = 2C ^ (y) ■ 
for large enough N, 

n(y,N) 



m(Y)N 



- 1 



^5> ^e. 



By 
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When 



n(y,N) _ 1 
m(Y)N X 



^ 5, the fact that M (Ty^ v ' N ^y\ ^ clBn implies that there exists 



n E [(1 - S)m(Y)N, (1 + 5)m(F)iV] such that M(T?y) > aE^- Thus, 

(l+5)m(y)A r 
n=(l-<5)ro(T)7V 

As m is invariant by Ty, we have m{M(TYy) ^ aB^} = m{M ^ aBjy} ^ ^. Thus, 
m {y | M (l^'^y) > aB N } + 25m(Y)N— = 2e. 



Fact: (s^ yN ^fy — 5 , Ar m (y)/yj tends to in probability on X when N — > oo. 







Proof. By Lemma fA. 21 it is sufficient to prove it on Y\ Without loss of generality, we can 
use the natural extension and assume that Ty is invertible. 

For n < 0, write S^fy = Xlo™'" 1 fy ° Ty-K Then, setting u(y, N) = n(y, N) — Nm{Y), 

Sl {y , N) fy{y) - S Y Nm(Y) fy{y) = S Y yN) f Y (T Nm ( Y \y)) . (28) 
If A > and JV G N, as £y(<^) = l/m(Y), we get 

| u(y, N) > ABf} = {n(y, N) > ABf + Nm(Y)} = {^v» +JVm(y) <^ < iV} 



< 



iV 



A-B^ +JVm(Y) / 

For some integer k, we have N ^ 2 k Nm(Y) ^ 2 h (AB^^ Y ^ + iVm(y)). The assumption 
sup r<2ri ^ C < oo thus yields that -g — ^ C h . In particular, 

{y I ,(!/,JV) > } C U- _ < 

Consequently, if A is large enough, Assumption |U yields that m{y \ u(y, N) ^ AB^ b } ^ e 
for large enough iV. We handle in the same way the set of points where u(y, N) ^ —ABf ', 
using the assumption inf r >„ > 0. We have thus proved: 

Ve > 0,3A > 0,3N > 0,ViV ^ N , m{y \ \u(y,N)\ ^ ABf} <: e. (29) 
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Set Wn(v) = ~w^^v(y,N)fY f^y^^ we will show that it tends to in distribution, 
which will conclude the proof, by (J2%|) . Take a > 0, we show that m(|Wjv| > a) ^ when 
N -> oo. 

Let e > 0. Assumption 01 ensures that there exists Y with m(Y") m{Y) —e and Ai such 
that j^u\S%f Y \ < £ on K, for every |7V| ^ JVi. Define 1^ = {t/ 6 F IK^^OI < N i} 
and Y£ = {y eY \ \v(y, N)\ ^ Ni}. We estimate first the contribution of Y^. 

Set ip(y) = J^-Nj 1 \f Y ° T Y \- Since ?/> is measurable, there exists a constant C and a 
subset Z of 7 with m(Z) ^ m(Y") — £ and ip ^ C on Z. Then, for y G Yjy, we have 

< ^ (T^ m(Y) y)- Set Z w = y^nTy^^Z): it satisfies m(Zjv) ^ m{Y^)-e. 



On Z^r, we have |Wjv| ^ ^r, whence, for large enough A, 
large enough A, 



Wn\ < a on Zat- Thus, for 



N- 



m{yeY^\ \W N (y)\ ^ a} ^m{y e Z N \ \W N (y)\ > a} + e = e. 



We estimate then the contribution of Y^. Set Y^ 
m(Y£) - e. Thus, 



Y^nTy Nm(Y \Y), satisfying m(Y&) ^ 



m(\W N \ > a) ^ m{y G Y^ \ \W N (y)\ > a} + 2e. 



On yjy, |i/(y,iV)| ^ iVi, whence 



i 



l"(y,JV)l 6 



Mv,N)\ b 

B N 



. Consequently, 



5. 



y 



-,Nm(Y) 
Y 



< e. Thus, |W^(3/)| ^ 



mf I VFatI ^ a) ^ m 



|z/(y,iV)| ^ /ax V6 



5 



1/6 



2e. 



Thus, if £ is small enough, and A large enough, (j2HJ) yields that m(|Wjv| ^ a) ^ 3e. 



The three facts we have just proved imply that Sn ^ v '^ iVm(y) '^ y( 



on x. As s WAfo> 



Bjv -Bjv 

Z in distribution on A, by (|27|). this concludes the proof. 



in distribution 
□ 



B Multiple decorrelations and L p -boundedness 



The following theorem has been useful in this paper: 

Theorem B.l. Let F : uj — > 4u on the circle S 1 . Then, for every p G [1, oo), there exists 



a constant K p such that, for every neN, for every f , . . . , f n _i : S 1 
of zero average and 1-Lipschitz, 



bounded by 1, 



n-l 



^ K v ^fn. 



k=0 
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This result has essentially been proved by Frangoise Pene, in a much broader context. Her 
proof depends on a property of multiple decorrelations, which is implied by the spectral 
gap of the transfer operator: 

Lemma B.2. Let \\f\\ be the Lipschitz norm of the function f on the circle S . Then, 
for every m, m' G N, there exist C > and 5 < 1 such that, for every N G N, for 
every increasing sequences (ki,...,k m ) and (h, ■ ■ ■ ,l m '), f or every Lipschitz functions 
Gii ■ ■ ■ i G m , H\, . . . , H m i, 

/ m m 1 
\i=l j=l 



< c 




(30) 



Here Cov(u, v) = J uv — f u J v. 

Proof. Let F be the transfer operator associated to F, and acting on Lipschitz functions. 
It is known that it admits a spectral gap and that its iterates are bounded, i.e. there 
exist constants M > and 5 < 1 such that < M||/||, and \\F n f\\ < M5 n \\f\\ if 

J7 = o. 

We can assume that N ^ k m (otherwise, 5 m ^ 1, and the inequality ()30|) becomes 
trivial). Then, writing <p = JJ4L1 G% o F ki and ip = YlT=i Hj ° F lj > we § e t 



|Cov(<£>, ijj o F 



cp J ip o F 



N 



<p- / <p]i> 



But 



F N (<p) = F N (JJ^) = F N -^(G m F^-^- 1 (G m - 1 F km - 1 - km - a (. ..F fa - fcl (Gi)) . . .) 
=: F N ~ k ™( x ). 

As the iterates of F are bounded on Lipschitz functions, we get a bound on the Lipschitz 
norm of X' \\x\\ ^ M m ~ l Y[ \\Gi\\. Moreover, fx = J V 9 ? whence 



F N ~ k - I X - I X 



<: M5 N ~ k " 

^ M5 N-k mM m-l JJ||G.|| . 



x- / X 



□ 



When p is an even integer, Theorem IB. II is then a consequence of |Pen02l Lemma 2.3.4]. 
The Holder inequality gives the general case. 
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Remark. The same result holds for Holder functions instead of Lipschitz functions, with 
the same proof. 

We will also need the following result: 

Theorem B.3. Let T be a measure preserving transformation on a space X . Let f : 
X — > M. and p > 2 be such that 

3C>0,VneN*,\\S n f\\ p ^CV^. 

Write M n f(x) — sup 1<fc<n \Skf(x)\. Then there exists a constant K such that 

Wn ^ 2, ||M n /|| p < K{hxn)^y/n. 

Proof. Let n G N*. Let k < 2 n , and write its binary decomposition k = zLhZq e fl?i 
with Ej G {0, 1}. Set qj = Y^iZj £ i^ 1 ( m particular, q = k and q n = 0). Then Skf = 
Sj=o i^qjf — Sg j+1 f). Consequently, the convexity inequality (a + . . .+a n _i) p ^ n p ~ l (a p ) + 
. . . + a n -i) p gives that 

n-1 

\S k f\^n p - 1 J2\^J-S qj+1 f\ p . 

3=0 

Note that is of the form A2 J+1 with ^ A ^ 2 n ^^ 1 — 1, and qj is equal to qj + i or 
qj + i + 2K Thus, 

n-1 /2 n -^- 1 -l 

\S k f\ p ^ n?- 1 E l^+W ~ S xv + if\ P 

j=0 \ A=0 

The right hand term is independent of k, and gives a bound on \M2^-if\ p . Moreover, 
J \S\2J+i+2jf - S\ 2 j+if\ p = J \S 2 if\ p < C P V2J P . 

Thus, we get 

/n— 1 
\M 2 n^f\ p ^ n p - 1 J22 n - j - 1 C p 2 pj/2 <: Kn p - l 2 n 2^~ l)n = Kn^ypF '. 

3=0 

p-i _ 

For times of the form 2 n — 1, this is a bound of the form ||Mt|| ^ K(\nt) p yt. To get 
the same estimate for an arbitrary time t, it is sufficient to choose n with 2 n_1 ^ t < 2 n , 
and to note that M t ^ M 2 n_i. □ 

Corollary B.4. Let F : uj — > Au on the circle S , let x '■ S 1 — > R be a Holder function 
with average, and p > 2. Write M n x(x) = sapi^ k<n \Skx{ x )\- Then there exists a 
constant K such that 

Vn ^ 2, \\M n x\\ p < KQn.nf^ y/n. 

Proof. Theorem IB. II (or rather the remark following it, for the Holder case) shows that 
llS'nXL ^ Cy/n. Consequently, Theorem IB. 31 gives the conclusion. □ 
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